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desired stability for crystal growth was alse carried out,

A cold crucible assembly suitable for the growth of 1.tiactory oxide crystal
has been designed and conctructed. It is a «.mpi , urgec wodular assembly
which will be readily adapt.d in the future ¢ . 21 ¢ aumosphere
furnace system,

Using a 50 Kw (4-7 megahertz) RF power supply manufactured by Fritz
Huettinger Elektronik GmbH, Freiburg, Germany,-iic ~31d crucible assembly

was tested and kilogram melts of zirconia (melting point 2690°C) were
successfully contained.

The cold crucible assembly developed during the .ourse of this program was
delivered to Air Force Cambridge Research Laboraioiies (LQP).
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TEGHNICAL SUMMARY

i
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A

fhe objectives of this program were the study, design and tabrication of
a4 cold crucible system for the synthesis and crystal growth of refractory
semiconductors and oxides. The work performed during the course of this

program and the results achieved may be summarized bricfly as tollows::

“Theoretical analysis of the electrical characteristics of the coid
crucible system.

1t was found that a properly designed skull melting assembly
has no effect on the field applied to the charge. The skull
merely lowers the inductance of the RF coil slightly by
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excluding the field from the volume occupied by the tube

structure and adds a small resistive loading to the coil.

The power delivered to the molten charge by a given RF {ield
was calculated for disc-shaped charges approximated by an

ellipsvid of revolution. These calculations were carried out
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for both large and small field penetration skin depths and,
for an ellipsoid of dimensions 8cm x 8cm x 2cm in a field of

1000 A/m, the maximum power required is several kjilowatts.

In considering skull melting assemblies of varying sizes, our

analysis shows that, for skin depths which are small comp:-red

Ll bl R R b 21

to the radius of the skull, the power required is generallv

o

-

proportional to the square of the radius. However, in the

cace where skin depth is large compared to the skull radius,

St MR

the RF power must be transferred at a high field and therefore
lower overall efficiency. In general, large cold crucible

asgemblies appear to be more efficient than small systenms.
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“Thearetical analysis of the thermal characteristics of th
SvEtem.

¢ rold cructihbie

Using computer techniques for thermal modeling of vartous skull é
melting configurations, we found that the wolten repion tend- :
to take the shape of a flattened body of revolution. with the !
source of heat near the equatorial plane near the surface o

the body, heat travels inwards and i3 lost by radiation and
conduction along the way.

If a substantial heat loss from the melt surface occurs, the
shape of the melit is very seansitive to the amount thus lost.

Therefore, upper radiation shielding is vital to the stabilicy
of melt tewperature.

°A detailed analysis of the RF power control system necessary to provide
ihe desired stability of operation.

A closed loop control System was used to mainiain constant

power input to the melt. Initially, RF current feedback
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control was explored but improved control of RF power was
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achieved by wsic~ the oscillator plate current as the feedback g

;:i

signal. k!

3

E

1 The response time of the control system was apprcximately 2 3

g kS

g seconds; however, the therral time constant of the molten §

é charge was much longer than this with the result that welt g

= 3

3 temperature fluctuations due to external disturbances were 3

3 relatively small, E

% “Design and construction of a cold crucible assembly suitable for the §

2 growth of refractory oxides. 3
3 -2~
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The resultan® design was based upon tlhe guidelines established
by the theoretical analysis as wesl as first-hand knowledge ol

the cold crucible configurations which are currently operating

with considerable success in the U.S5.5.K. The cold crucible

system developed is a rugged, completely metallic, modular
assembly which will be readily adaptable in the future to a
controlled atmosphere furnace system; indeed, the structure

has been designed to withstand external operating pressures
up to 100 atmospheres.

"Testing and evaluation of the cold crucible assembly using stabilized
zirvonia (melting point 2690°C).

Over thirty (30) melting experiments were carried out in the

cold crucible assembly. The power s:sply used was a 50 kilowatt

high frequency RF generator (manufactured by Fritz Huettinger
Zlektronik GmbH, Preiburg, Germany) tuned to operate at
approximately 4 megahertz.

Using kilogram charges of zirconia powder, densification and
melting could be achieved with applied RF power levels as low
as 6 kilowatts. At 15 kilowatts of applied power, it was

possible to obtain complete, stable melting of the zirconia
charge.

Large, semitransparent colummnar grain single crystals of
stabilized zirconia (typically 3-4um on edge by 5~7mm in

length) were obtained by slow cooling of melts contained in
the cold crucible assembly.

°Development of the criteria for integratior of the cold crucible assembly
within a controlled atmosphere, high pressure furmace chamber.
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Une major concern was tha effect of electrical grounding on

the performance of the cold crucible. It was found thot

A LR SR LT s

stable melts could be achieved and maintained quite readily
whether the cold crucible was grounded or not to the RF power

supply.

LA AP L R

As noted above, the cold crucible assembly has been designod

for operation at external pressures up to 100 atmospheres.

The major problem, as yet unresolved, involves the development
of a low=loss coaxial RF feedthrough cesigned not only to
provide maximum RF cransmission at meganertz-frequencies but
which meets the requirements for safe cperation at high

pressures (approximately 100 atmospheres).

°Upon completion of the program, the prototype of the cold crucible assembly
was delivered toc the Air Force Cambridge Research Laboratories (LQP).
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PREFACE

Major advances in the development of cold crucibles, t.e. water coojed
metal crucibles for use with RF induction heating, used for “skull

melting”, have taken place in the past two years with significant impact

on refractory materials technology. For the first time, it is possible

to contain stable, uncontaminated melts of even the most refractory
materials for which no crucible exists.

Russian scientists at the Lebedev Physical Institute in Moscow have

developed skull melting to a point where is has become a reproducible

production operation. Oxide melts at temperatures up to 3000°C with

weights up to 25 kilograms are being used in the production of a wide
variety of strategic materials including unique laser crystals,
refractory optical elements and wmelt-cast ceramics.

The new process involves direct high frequency induction heating of the
material contained in a water cooled, crucible~like structure. The melt
forned is contained by a sintered shell or “skull' of identical

composition so that the problems of reaction and contamination,

traditionally the most severe problem faced in the containment of

refractory melts, have been virtually eliminated. The melt can then

be cast or recrystallized using standard methods of crystal growth.
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The principal objective of the program was the desfgn and deve-lopment of
of a skull melting system which can be used for the production of high
purity oxide single crystals. Typically, most of the cold crucibles in
operation today have evolved by empirical trial and error procedures. A
theoretical analysis of the cold crucible has been carried out to relate

the properties of the material(s) to be melted tc the electrical and
thermal characteristics of the cold crucible.
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Based upon this analysis
we have established basic guidelines for the design and construction of
cold crucible ascemblies.

One of the major problems as yet unresolved in the use of the cold

crucible for the growth of single crystals is related to the stabilization '

and precise control of melt temperature. We have analyzed the critical

control parameters of the cold crucible and, based upon the unique RF
power control techniques which have been developed in the United States,

have defined a control system to provide the high degree of stability
necessary for cryatal growing applicatioms.
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- A cold crucible assesbly complete with control system suitable for oxide
' crystal growing operation has been designed and comstructed. Testing and
evaluation of the cold crucible assembly and control system have been

carried out to explore the operating techniques suitable for crystal
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( growing applications. Stabilized zirconia (melting point 2690°C) has :
: been used to demonstrate the very high tempeiature operation of the cold
: crucible under oxidizing conditions. Large colummar crystal graians of

% partially stabilized zirconia have been recrystallized from stablc melts

contained in the cold crucible.
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The ultimate goal of this work is the integration of the cold cr.-ihle
system into a crystal growing furnace chamber capable of operation umder
rontroled atmospheres at pressures up to 100 atmosphercs.
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It appears that no difficulties will be encomtered with the integration
of the cold crucible inside the high pressure furnace chambher. However,
it will be necessary to develop a suitable coaxial high frequency RF

transmission line for the furnace which will satisfy the requirements of

the ASME Pressure Vessel Codes as well as the requivements for low loss
RF power transmission.
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2.1

2.0 TECHNICAL DISCUSSION

INTRODUCTTON

During the course of this program we have:

l.

3.

5.

Theoretically analyzed the electrical characteristics of the cold
crucible system. The problems involved aad the conclusions derived

are presented in Section 2.2 while the derivation is discussed in
Appendix A.

Theoretically analyzed the thermal characteristics of the cold

crucible. The conclusions are presented in Section 2.3 and the

derivation shown in Appendix B.

Theoretically analyzed the control of the RF power. This is

discussed in Section 2.4 and the derivation is presented in Appendix
C.

Designed and constructed the cold crucible assemily.
Section 2.5 for review of the design criteria.

Refer to

Tested the cold crucible assembly with stabilized zirconia (melting
point 2690°C) for demonstration purposes. Operating procedures and
results are reviewed in Section 2.6.

Investigated the criteria for integration of the cold crucible
assembly in a high preassure furnace chamber.
the proublems involved.

Section 2.7 reviews

Delivered a cold crucible assembly to the Air Force Cambridge
Research Laboratories (LQP).
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2.2 _THEORETICAL ANALYSIS OF TME ELECTRICAL CRARACIERISTICS OF THE COLD
CRUCIBLE

‘he following problems involved in skull melting of refracrory materials
have been theoretically apalyzed:

‘The effect of the copper cage on the magnetic field applied to the
ref{ractory charge.

°The resistive oprd inductive effects of the cage on the radio frequency
coil.

°Tt e effect of the skin depth of field penetration on the total power
input to the charge.

°The spatial distribution of the power input.
°The resistive loading of the RF coil due to power absorbed by the charge.

°The RF magnetic field required to melt metal particles in the charge to
achieve startup.

°The effects of scaling the size of the cold crucible asscmbly on the
applied magnetic field as related to skin depth.

It is found that a properly designed cage has no effect on the field
applied to the charge. The cage merely lowers the inductance of the RF
coil slightiy by excluding the field from the volume occupied by the
rage tubing and adds a small resistive loading to the coil.

‘The pawer delivered to the molten charge by a given applied RF field is
calculated for a disc-shaped charge approximated by an ellipsoid of
revolution. This is done for the field penetration skin depth both
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larpe and small compared with the smallest semi-axis of the ellipsoid.
These two limiting cases converge twoard a cosmon maximum value o! the
power when the skin depth in each case approaches the slize of the semi-
axis. For an ellipsoid of dimensions 8cm x 8cm x 2cm in a ficeld of 1600

A/m, this maiximum power is several kilowatts.

The calculations show that the heating power is strongly concentrated
around the equator of the ellipsoid, especially when the skin depth is
-mall compared with the thickness of the ellipsoid. An expression is
derived for the resistive load:ug of the RF coil by the induced curren.s
in the molten charge.

Startup by means of 2mm diameter metal spheres embedded in the powdered
charge is found to be theoretically feasible but requires a starting
field perhaps 10 times larger than that needed to maintain the melt.

Our analysis shows that for skin depths which are small compared to the

radius of the skull, the power required is generaily proportional to the
square of the rzdius. However, in the case where the skin depth is large
compared to the radius, then the power must be transferred at a higher

fizld and therefore reduced overall efficiency. The conductivity of

2:02(1‘2) is approximately 10 Mho/cm at its melting peint and approxi-
mately .35 Mho/cm at about 1300°C with a reasonably linear relationship.

At a {requency of 3.5 megacycles the skin depth is 0.85cm at its melting

pvint and Scm at 1300°C. Therefore the skull constructed with a diameter

of approximately 7ca will couple very easily at the melting point but
will exhibit reduced coupling efficiency at 1300°C. If the material to
be rmelted has a conductivity vs. temperature profile as shown in Figurc
1 for A1203(3), the dramatic change in conductivity (over 2 orders of
magnsituée) shows that control of this material at or near the melring
puint is quite critical. Once the alumina has solidified, the coupling

cfiiciency will be so poor that it cannot be remelted.
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2.3, THEKMAL ANALYSIS OF THE COLD CRUCIBLE

The thermal analysis of the feed powder and the melt when heated by ti

induced RF currents and cooled by the walls of the container was complicted.
We find that:

°The molten region tends to take the shape of a flattened body of

revolution; it acts as a fin, with the source of heat in a ring near the

equatorial plane near the surface of the body. Heat travels inwards and

is lost by radiation and conduction along the way.

[f a substantial heat loss frum the top surface of the melt orcurs, the

shape of the melt is very semsitive to the amount thu: lost.

bt b b kel bl in
u'wmmmm...w;.;ﬂ;s«'«mmmmm.ummmmmw bR ke

bl

°There should be a large amount of powder tc insulate the melt on its
underside, although the exact amount is not critical.

sl W

ndhatwid

This means that
the molten zone should be confined to the upper portion of the cooled
container.

e A

o S D

Thermal models have been developed for typical skull melting systems and

mw.;.m,ﬂ o 4 Bt 8 A

the effects of heat sources and sinks upon melt shape have been profiled
by computer techniques and are discussed in Appendix B.

n T 3,
i Dbl
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2.4 CONTROL OF RF POWER

Stable control of the RF power is required for successful crystal growth.
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There is a basic tendency toward instability when induction heating ic
used direcctly to melt semiconductors and refractory oxides.

W

Therefore
a closed locp control system was used to maintain a constant power input

to the melt. Initially RF current feedback control was explored but

improved control of RF power into the contained melt was achieved by the

Fi e A L Rl

use of the oscillator plate current as the feedback signal.
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Aftcer melting, the balance between heat generation and heat loss
procenses results in a stable system,  The response time of the control
nystem was about 2 seconds.  The thermal time constant ol the charge win
much longer than this, with the result that temperature tJuctuat fons o

to external disturbances were relatively small.

Using a 50 kilowatt output high frequency RF power supply, wc would
cbtain fields stronger than 104 amperes per meter, which were sufficient
to melt kilogram charges of stabilized zirconia and maintain them in the

fully molten state.

2.5 DESIGN AND CONSTRUCTION OF THE COLD CRUCIBLE ASSEMBLY

Based upon the electrical and thermal analyses which have been carried
out, we completed the design of a cold crucible assembly which is shown
in Figure 2. The copper structure has been designed for high pressure
operation and integration with the ADL crystal growing furnaces presently
in use at the Air Force Cambridge Research Laboratories. The cold
crucible éssembly is shown in Figures 3 and 4.

2.6 TESTING OF THE COLD CRUCIBLE ASSEMBLY

During the course of the testing and evaluation phase of the program,
over thirty (30) melting experiments were carried out in the cold
crucible assembly. The power supply used was a 50 kilowatt high
frequency RF power supply manufactured by Fritz Huettinger Elektronik
CmbH, Freiburg, Germany, tuned to operate at approximately 4 megahertz.
The cold crucible in operation with a 1 kilogram charge of stabilized
zirconia is shown in Figure 5.

To sc¢t up the cold crucible for operation, the assembly is {irst wrapped
in Fiberfrax on the outside (to prevent loss of feed powder from peﬁgg@@gggyy

Y m"“ p ® e
-15- bt
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thes tubes). The Fiberfrax is held in place by a quartz ot pyrex tube.
Conling wiater is supplied to the skull at the rate of 1 pallons per

minuti,

fhe skull was filled with stabilized zirconia powder and approximately
10 grams of zirconium metal chips (1/8" diameter) werc buried in the.
center of the powder. The RF power (approximately 4 megahertz) was then
rurned on and increased to an indicated plate voltage of approximately
4-5 kilovolts. Within 10 minutes the zirconium chips would become
incandescent and. heat the surrounding powder charge. As the zirconia
charge heated, the plate voltage dropped and the current increased,
indicating more efficient coupling due to the increase in electrical
conductivity of the heated zirconia. As the KF coupling increased, thc
powder would densify and melt and it was necesSsary to add more powder

to the molten charge.

While densification and melting could be fnitiated with RF power levels
as low as 6 kilowatts, applied RF power in excess of 15 kilowatts

produced better results.

Figure 6 shows a fused stabilized zirconia (Zircoa Corporation) charge
as removed from the cold crucible assembly. Note that the outer
sintered shell of the charge (approximately lmm thick) has retained the
shape of the multi-tube structure of the cold crucible. The top of the
molter charge shows the effects of continuous out-gassing during the
course of the fusion operation. No external radiation shield was used
to reduce the severe radiation losses from the upper =uiface of the
molzen charge, and 2 solid, translucent crust formed above the melt
which had to be repeatedly punctured to permit the addition of feed

powder.

Figure 7 shows the initiation of melting using approximately 6 kilowatts

of applied RF power to the charge. Note the sinrered dark mass near the

-16-
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hot tom where the zirconfum charges were placed. It s also evident that

once heating starts, the last place to heat is the center repion. Flpure

6 shows Sample 3 with an input power of 7 kilowatts; clearly morc

sintering and melting is evident. Figure 9 shows Sample 7 with an input

of 9 kilowatts power. First evidence of melting is now obviously visible
near the top of the charge.

it was evident that some form of radiation shielding was required to
reduce thermal losses from the incandescent melt and to wminimize the

hard crust formation above the melt surface. A zirconia ceramic

radiation shield was positioned on top of the cold crucible structure.
However, it was noted that, with the RF load coil positioned close to
the top of the cold crucible, the hot ceramic radiation shield was
heated inductively, thus reducing the total power available to fuse
the charge and destroying the radiation shield.

Figure 10 is an example of fusion (charge M-2) with the coil near the
top of the cold crucible. Note that while better melting was observed,
crust formation was still appreciable. In this run the radiation
shield was destroyed. In Figure 11 (Sample M-3), the coil was

substantially lowered, showing significantly less crust formation;
the shield remained intact

The decision was made to reduce the size of the charge to approximately
700 grams (thus lowering the melt level) and to lower the RF coil so

that the lowest turn was positioned at the bottom of the cold crucible.
Subsequent experiments using ceramic radiation shielding (Norton sintered
zirconia bubble plate) proved to be quite satisfactory and melts could

e readily maintained with significantly reduced crust formation.

A e e R P

Figure 12 (Sample M-9) was run using Y203 stabilized zirconia amd coolcd

to room temperature over 1 hour. The sample had a distinctr yellow color,
but large columnar transparent grains were evident.
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Figures 13 and 14 show the results of Run M~10. A 700 gram zirconia

powder charge (Johnson Matthey Chemicals, Ltd., 99.997 purity) was used
with 10 wt % yttria (Rare Earth Products, Ltd., 99.997 purity) added to
prevent the destructive phase change (cubic to tetragonal ro monorlinic)

which occurs during the high temperature recrystallizatjon of zirconia.

The charge was melted with 15 kilowatts of applied RF power (estimated

loss via radiation is less than 2 kilowatts). The melt was cooled

slowly over a period of 1 hour and, upon removing the recrystallized

charge frow the cold crucible, large, semitransparcent columnar crystals

of zircomia were revealed. Upon visual exarnination of the columar

crystals (typically 2-3mm on edge and 5-~6mm in length) translucent
regions were dispersed throughout the transparent grains indicating that
the high temperature cubic-phase was not fully stabilized; it appecars

that more than 10 wt % yttria should be added to the zirconia charge to
fully stabilize the cubic form.

with regard to the uses of automatic RF power control, it was found that
the automatic ccntrol system cciuld nol be utilized effectively during

the heating or cooling phases of the melting operation. At the critical

temperature where the skin depth of the charge was approximately chat of
the cold crucible, the RF coupling efficiency would change drastically,

thue causing the control circuit to overdrive the RF generator. Umce

the stable melt had been achieved (using manual control methods) the RF

power control system proved to be very effective im maintaining a stable

power input to the fused mass. At the terminatior of the experiment,

the cooling operation was carried out by manually reducing the input
power.

2.7

 __INTEGPATION OF THE COLD CRUCIBLE ASSEMBLY WITH A H1GH PRESSURE FURNACE

To date, all of the melting experiments with the cold crucible assembly

wave been carried out in air (as shown in Figurc 5) and there are obvious
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advantages to using this asgembly within a controlled atmosphere, high
pressure fumace chamber.

(ne major concern was the effect of ~lectrical grounding on the performanee
of the cold crucible. The cold crucible has been operated both with and

without grounding to the RF power supply and stable melts could be
achieved quite readily in either case.

The cold crucible assembly was designed initially so that the support
stem could be sealad into the base port of the standard ADL Model MP, kP
or HPCZ Furnaces. An O-ring sealed support structure (to adapt the coid
crucible to these furnaces) has been designed to permit operation at
pressures ranging from ].O-S torr to 100 atmospheres. The cold crucible
assembly could easily be mounted in a fixed position at the base of the
furnace to facilitate Czochralski crystal growing experiments. Alter-
natively, the stem of the cold crucible assembly could be attached to a
lower drive mechanism, thus permitting vertical movement of the assesbly
for Bridgman-type crystal growing operatioms.

TR YR Lo pulvarbn sl iR e RLA T N S0 B LR R R
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In order to fuse large melts (of the order of 1 kilogram), it will be
necessary to add feed powder to th2 cold crucible assembly during the
course of the melt-down operation. A suitable powder storage vessel

ané feed mechanism, capable of operating at gas pressures up to 100
atmospneres, have been designed for glass-melting applications prior tc
the initiation of this program and should prove to be useful in resolving
this operating problem.

R Y nwmmwwrc-wwmmmmmmmmmmmwm-mmmmm34ﬁMwmmnsmmm‘WW:MWWE'&W@WWW‘-ﬁwﬁw“@ sf“‘ﬁm

Alg e

‘he major difficulty we can foresve in integrating the cold crucible

i assembly within a controlled atmosphere furnace chamber involves the
lou-luss transmission of high frequency (megahertz range) RF power into

E % the sealed metal chamber. It will be necessary to design a suitable

: coaxial RF feedthrough which will not only provide maximum RF transmission
efficiency but meet the requirements for safe operation at high pressures
(approximately 100 atmospheres).
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5.0 CONCLUS [ONs:
“A simple, rugged cold crucible assembly has been developed which can be
used Lo contain stable kilogram size, refractory oxide melts at

temperatures up to 3000°C in air.

*Thcoretical analyses of the thermal and electrical characteristics of
cold crucible operation have been carried out and verified experimentally.
Based upon these analyses we have established the basic guidelines for
the design and comstruction of cold crucible assemblies.

°The critical control parameters of the cold crucible have been developed
and we have defined an RF power control system necessary to provide the
high degree of stability for crystal growing operations.

°The cold crucible assembly has been designed and constructed to withstand
extermal prcssures up to 100 atmospheres and we have established the
criteria for integration of the cold crucible assembly within a high

pressure furnace chamber.

~34-
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4.0 RECOMMENDATIONS

Theoretical analysis of cold crucible melting and processing indicates

: that minimal problems will be encountered in developing large~scale cold

crucible systems. There 1s already dramatic evidence of the potential

industrial applications of this new technology; Russian workexs(j) have

successfully contained refractory oxzide melts weighing up to 25 kilograns

and molten glass charges up to 250 kilograms in weight are now being

X (6)
processed in France.

TR AT R ETEE F

CRaci b 2

70 date most cold crucible operations are carried out in air. Under

PR P TR DI (TR e

controlled atmosphere conditions, this new process may well be the answer

A 28 Kt K

to zhe time honored problems of working with ultra-refractory materials

D e

such as ferrites, semiconductors, chalcogenide-glasses, metal alloys and

VEETTTIT

3 cerpets whose melts are sensitive to ambient atmosphere composition or
pressure.
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it appears that few difficulties will be encountered with the integration :
¢f the cold crucible system inside

ol LKLY

. high pressure furnace chamber.
i However, it will be necessary to develop a suitable co.axial high

: frequency RF transmission line for che furnace which will satisfy the
.

L1 Catns )

stringenc requirements of high pressure operation and minimal RF power
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APPENDIX A
THEORETICAL ANALYSIS OF THE ELECTRICAL CHARACTERISTICS OF SKULL MELTING :
: A.1 EFFECT OF THE CAGE
: We assume that the cage consists of vertical copper tubes perallel to the
axis of the coil as shown in cross sectica in FPigure A.1l. The effect of E
3 the bottom of the cage is small and will be aneglected here. i
3 3
3 3
E Coil
4 5
B ;
; ]
E CROSS SECTION OF SKULL MELTING CAGE ]
3 3
t If the ccil has n turns and a length f. and carries am alternating curreant,
s
% 1, the rms current per unit lemgth is ;
1= 2 am (D
; and the axial magnetic field i3
nl 2 i
Ro - v (A/m) (2) :
i
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At ircequencies in the range 1-10 megahertz, the skin depth of penetration
! the field ioto the cupper tubes of the cage is only about 2 »x 107w,

re copper therefore essentially excludes the field and act« like an

almost perfect diamagnetic materfal. Urder these condition: each tube

has a circulating current per unit length equal to -i (A/m).

e Tl et RIS L % AT e el .
—

The erergy stored in the field is

u
Oy 2 - 4
3 Ho ) (Acoil Acage) (Joule) (3)

E o

TR TSR

where the A's are the cross-sectional areas of coil and cage and where

"o T 47 X 10-7 Henry/m and is the permeability of frec space. From (2)
the expression becomes

ate i it

m

>

272 -
Eg "l (Acoil Acage)

E =3 ) (%)

v;:?m P AT
N

[ Al

The energy can also be expressed In terms of the net self-inductance, L,
cf the assembly by the relation

? E = 3112 (5)

|

E Jn equating (4) and (5) we obtain for the inductance .

‘ (A . -A_ ) *
L = nzvo coil - cage (Henry) (63 E

The cage, therefore, reduces the inductance of the coil by a factor

(A .. =~ A
coil cage)/Acoil.

bk

“he rcapge also adds some series resistance to the coil. The circumferential

current, i, in a tube of the cage is distribution in depth,

x, into the 4
3 copper according to the approximate formula 3
3 s :
3 i - , 3
1 g o= 2 (7 ]
i é ]
‘ i,

-37~

A -

TPL I )




DR ot v i

5 o TR, ST T

TR F

taiadis i L O Wt oXib

Lo aduoval L

Ay

wvhere J 1s the current density (A/m), and is the skin depth, glven by
the relztion
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Here f is the frequency (Hz) and o is the conductivity of copper (mho:/m).

The power dissipated per unit area of tube surface is then

W' = [ *—gax = A2 (W/m?) 9)
3 [} 206

The total power for N tubes of height, h, and diameter, D, is

_ Nnbh {° n2 Nr Dh 12
Yo7 T T Toeu% (10)

any the effective series resistance introduced intc the coil is therzfore

n¢ Nn Dh .
R = Ta% (b

We have assumed that h < &. If the tutes are longer than the coil, h, in

(11), is replaced by %.

A.2 HEAT INPUT TO THE CHARGE

We assume for mathematical convenience that the charge has the shape of

4an oblate spheroid, which is a good approximation to the acrual disc-like
snape.  The equation of the surface is

2 22

— - 273
aZ T o 1 a

where a and c are the semi-axes of the spheroid, and z and r are vertical

and horizontal cylindrical coourdinates.

~38-
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The distribution of induced current in the spheroid depends strongly on
the skin depth, 6, in the molten material.

1 i o Sl

The two limiting cases,
3 6 >> ¢ and 6§ << ¢, are mathematically tractable, while the intermediute
3 case, § v c, 1s too difficult for analytical treatment.

The Limiting
cases, however, serve to bracket the intermediate casc and give considerable
insight into the general problem.

A gt b Bk abe

el

A

A.2.1 Large Skin Denth

JERWLR SR TOTIFIEN

When & >> ¢, the uniform magnetic field, Ho, produced by the coil,

penetrates the charge with little distortion. Under these conditions

the induced circumferential electric field, Eg» is given by the simple
circuital emf equation

2 :-.-@—2 = - qyd
2%Tr Ee ot (rr< B) LEal N jw uo (13)

where ~r? B is the instantzneous magnetic flux through a circle of radius,
r, and w 1s the angular fxe;vency.

The associated current density is

»,
—
H
Q
3
1]
]
N

Ouo wr Ho (14)

The rate of heat generation per unit volume at the radius, r, is

W = l_iJ |2 =
g

1 2 2 2.2
9 7 opo wer Ho (15)

The power per unit area projected on the {x,y) plane is, from (12),

W' = 2z W' = % UUOZ w? Hoy ¢ r* J; - ﬁ; (16)

It is to be noted that W" is zero at both r = 0 and r = a and is maximum
at r = av2/3 = 0.816a.
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‘The: total heating rate for the whole ellipsold i

W = [ W 2urdr = %% uu07 w' oa" en (173
)

TETT TR T TR TR R
(=

From (8), this can also be written, in terms of ifnstead ol a, as

, Hy wate Ho?
wo= X — (18)

4s 2 numerical exawmple we take the following values:

4 x 10‘-7 tt/m

14‘0 = .
f = 10 x 10" Msz
a = 0.04m
c = 0.01lm
¢ = 2¢=0.02m
H, = 1000 A/m

Then W = 4000 watts.

The value chosen for 6 corresponds to - = 63 mho/m and is probably near

the limit of validity of the theory. The value of HD corresponds to

that for a 5-turn coil of length 1Gcm carrying a current of 2C amperes.

A.2.2 Small Skin Depth

YT YR T

The case, 6 << ¢, may not occur in practice for the range of conductivities
liknly to be found for molten refractory materials without the use of
‘renuencies well in excess of 10 megahertz. However, it is still of

valu.- to determine the power distribution im the charge Tor this limit:iag

Cane.

PY e ua T

TORTRT

Like the cage tubing, the spheroid acts like a nearly perfect diamagnetic

bodv when ¢ << ¢. The current distribution on the surface of the spheroid

-40-
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i such that the externmal magnetic field is the same as that produced by
a uniformly magnetized body of the same shape. The intensity ol
magnetization, m, (dipole moment per unit volume) is related to the
applied field, Ho’ of the coil by the formula

mn = 19— (19)

where N is the demagnetization factor, which depends on the ellipsoid

shape. For a sphere N = 1/3. For an oblate spheroid with semi-axes,

a, a, ¢, the factor is given by(l)
1+ K2 P R
N = () Q-ptan k) (29)
where
al
k = Py 1 (21)

Table A.l1 shows how N varies with c/a.

TABLE A.1

DEMAGNETIZATION FACTOR N

cl/a N

0.0 1.000
0.2 0.750
0.4 0.58¢
0.6 0.478
0.8 0.396
1.0 0.333
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For the shape of interest here, where c/a = 1/4, N = 0,7037. For this
value the intensity of magnetization i1s from (19)

m = - 3,375 Ho (22)

Knowing m, and therefore the effective distribution of magnetic charge
density over the surface of the spheroid, one can calculate the magnetic
field distribution and from it the equivalent surface current distribution.

In Figure A.2 we consider the ellipsoid as a perfect diamagnetic body with

permeability u = 0. Then the magnetic induction, Bi’ within the ellipsoid
is given by

B, = uﬂi = 0 ) (23)

Also,

Bi = H, +nm (24)

The directions of H1 and m are shown in Figure A.2.

2 Tno

THE ELLIPSOID AS A PERFECT DIAMAGNETIC BODY

FIGURE A.2
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We now apply the boundary condition that the tangential component of H is

continuous. Now the field, He, just outside the ellipsoid is known to be
tangential, as indicated in Figure A.2.

Therefore, just below the surface,
¢

1>tan = H_, as shown in the vector disgram in Figure A.3 where the

vector sum of He and Hn equals the internal field, Hi’

I ke £ Taie & Uit bt SN E N

TR AT

k- MAGNETIC FIELD VECTORS
“ FIGURE A.3

From the diagran we obtain the result

TP,

é He =- Hi siny = ~msgin ¢ (25)
3
] where the angle, W%, is defined in Figure A.2.
3 On substitution for m from (19) we find that
3 Ho gin ¢
3 ue = 1-N (26)
E The surface current, i, in A/m is equal to the tangential magnetic field.
A It is therefore given by
Bo ein ¥
: 1 = a5 27
-43-
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lo e¢valuate s5in ¢, we represent the ellipsoid by the paramctric equations

r = acos ¢ (28)
z = ¢ sin ¢ ('9)
Then
sin ¢ = 4z (30)
ds

where ds is an element of arc on the allipsoid at the point of tangency
in Figure A.2 and is given by

ds = JdrZ + dz? (31)
From (28) and (29),
dr = - a sin ¢ d¢ (32)
dz = c cos ¢ d¢ (33)
Therefore
ds = d¢v/a? sin? ¢ + c? cos? % (i4)

On <ubstituting for dz and ds from (33) and (34) into (30), we obtain

oin ¢ = c cos ¢ (15)

va? sin? ¢ + c¢? cos? o

Thercfore, from (27),

x

. o
i = =

s c cos %
i-N

Ya? sin? ¢ + c? cos? ¢

The total power is

44—
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i W= R 1 2 rds (37) 2
E
E where Rs, the surface resistance in ohm/ , is given by (9) as 2
i :
4 W 1 , E
. R =1 % 37 38) ]
% On substituting for i, r, ds, and R, from (27), (28), (34) and (38) into
; (37), we find 3
1 ¢ F(9 :
[; W = ac H, /2 cos d _ _a_'"_c_)_ . st (19) :
(1N = a(1-N) ;
<5 4 sin + ¢ cos i
where :
3 - :
3 F(x) = Q2x -1) log (x-1+x) - X (40) i
3 3/2 e X "1 3
3 (x ‘l) z
§ Table A.2 shows how the second factor in (39) depends on a/c. It can be :
;: seen. that the power is quite constant for ¢/a between 0.1 and 1.0 (for i
3 iixed a). For very flat ellipsoids the power increases slowly. %
3 TABLE A.2 i
3 GEOMETRICAL FACTOR IN EQUATION 39
d c FA
3 A :
c/a a(1-N} i
0.0001 24,020
3 0.001 18.101
: 0.01 12.534 !
3
3 0.1 8.190
3 0.2 7.510
0.25 7.465
1 0.4 7.564
0.6 8.121
0.8 8.744
3 1.0 9.425
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; The radial distribution of the power is also of interest. From (37) we 1
E find, on counting the power on both top and bottom of the ellipsoid, that é
? ;
i 4 RH C ;
dw . r
s R R G 4
dr a-n e (41
3 where ' h
| : &l |
G(:) = —- - (42) E
* ? r2 r? 3
- (1 - &, £ - (¥
Q fin-a-9 2 - @) ﬂ
3 Z
1 Table A.3 shows how G varies with r/a for the case c/a = 1/4. The last :
column it the table gives the fraction of the power within o radius r.
It is seen that the power is strongly concentrated at the equator of thc k
] 2llipsoid. ;
E! TABLE A,3
3 RADIAL DISTRIBUTION OF POWER FOR c/a = 1/4
&
3 x W(r)
3 a G(a) W{(a) 5
i E
3 0.0 .C000 .0000 4
{ k
3 0.1 .0010 3
3 3
3 0.2 .0083 .0001
3 0.3 .0296
3 0.4 .0757 .0021 3
4 0.5 . 1650
2 0.6 <3317 .0121 E
0.7 6532 3
: 0.8 1.3492 .0549 3
0.9 3.4094
3 1.0 o 1.0000
E
] For c¢/a = 1/4 the total power, from (39) and Table A.2, Is
é H a2 . o, :
= = 2,2 L 3
i W 7.47 pr: 7.47 Ho a 70 (43) E
: i
~46- 3
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: Av capect that this expression will remain approximateiy valid 1o ?
'; «/2 = 0.005m. At f - 10 megahertz, this correspond:. to o 1000 who/m. B
‘ 4 - 0.04m and Ho = 1000 A/m, as before, we find from (43) that
2400 watts which is to be compared with the value of 4000 watts
calculated on the 6 >> ¢ assumption for & = (G.02m.

: ]
]
3 On substituting for o from (8) we find that (43) takes the form 3
] = 2y 2
W 3.73 owa Ho ) (44) :
5 3
3 which shows that W tends to zero for very small 6, for constant w. The
] limiting expressions, (44) and (18), therefore show that as & varies 5
: from small to large values, due to variation of the conductivity, W §
: passes through a maximum which, for the numerical values chosen above, %
? probably lies between 2000 and 4000 watts and occurs for § = ¢ = 0.01lm. :
= T~ is to be noted that for constant o, W increased with increasing w, 3
3 as can be seen from (43). :
i 3
Z A.3  COIL RESISTANCE DUE TO LOAD f
3 ;
L (m substituting for H from (2) into (44), we can express W in terms of %
3 3
1 the current 1 in the coil by the formula j
- 4.78 u_ w a? ¢ n? 12 %
W = 22 (45)
The load therefore acts like a resistance 3
3 £.78 W a2 § n? :
R = va (6 << ¢) (46) :
Likewise, from (18) we obtain f
£ N s 4
¥ wa' c¢cn E
E 47 "o 3
4 RL 15 —‘_"‘2—2“"-2 R (6 >> ¢) (47) 1

el
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A.4 _STARTUP

In order to start the inductive hecating one must ugually add sowe high
conductivity material such as particles oi the same metal wn i:h present
in the compositicn of the charge ltself. ‘Typically, the metals used

are available in the form of random-sized small chunks, f{lake., or chipe
and for purposes of our calculations we have assumed the particles to béd
spherical with radius a and conductivity o. 1In the high frequency field,
Ho’ the sphere acts as a diamagnetic body with a demagnetization factor

N = 1/3 (see Table A.1). From (19) the effective intensity of the
magnetization of the sphere is

3
m -3 Ho (48)

The total magnetic moment of the sphere is
M = 4 nadm = - 2mal H (49)
3 o

For the special case of the sphere, ualike that of a spheroid, the
moment, M, acts as though it were located at the center of the sphere.
The tangential magnetic field at the surface of the sphere, due to M,

is

h 8
(H) -~ Msin

so- “* H sin ¢ (50)
4mad
[+ 11 1 a 2 o

where & is the angle between the radius vector and the z-axis.

Since the applied field, Ho, gives a tangential component, - “o sin ',

at the surface of the sphere, the total tangential field is

= .3
Ht = 2 Ho sin ©

o~
o,
[}
R

The circumferential current per unit length on the sphere is therefore

48~
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since it equals the discontinuity in "o at the surface of the sphere.

The surface resistance Rs is given by (38). On multiplying this by
i¢2 and integrating over the area of the sphere, we obtain for the power
input to the sphere
LA ) ) ) 3 Hozaz

W o= é (EEEQ(Z'HO sin“ 6) 27ma‘ sin 6d3 = i (53)
It is of interest to consider that this power is balanced by blackbody
radiation from the surface of the sphere at absolute temperature, To’
with the surroundings at temperature, T. Then

3nH 2
4na? oo(T“ - To“) = 060 (54)
or 3 aoz
OO(T.’ - To“) = 405 (55)

where 5_ = 5.672 x 1078 g o2 deg.a is the Stefan-Boltzmann constant.

(55) shows that the equilibrium temperature is independent of the radius
of the sphere. For the case of a field, Bo = 1000 A/m, as before, and
with o = 5.0 x 107 mho/m, 5 (T* - T %) = 1500 W/u?, and T = 431 K.

The metal sphere would therefore not melt for the field assumed. However,

fo~ a ten times greater field of 10,000 A/m, which is not unreasonable,
we get

o (T4 = T %) = 150,000 W/m?

and

T

1276 K

which will melt certain metals.

poey e Iy
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A mere appropriate assumption for skull melting is that the wetal aphere ;

3 it cwmbedded in a powder of thermual conductivity K. Then the equilibrium X
£ . :
4 cemperature is given by ;
3

. ¢ ’

T-1, 4xKa {56) ’

3

% -3 ;
. For K - 0.1 watt/(m deg K), a ~ 1 x 10 “m, Ho = 10,000 A/m, and the 1
- other constants the same as before, we find that W = 1.88 watts and §
é T = 1600°K. The particle would therefore raise the temperature of the %
é surrounding powder to a value where inductive heatingz of the powder é
4 would occur. %
e
A.5 SCALING LAWS
;% It is on considerable interest to determine the scaling laws for magnetic :

fieléd Ho ard the power input W when the geometry of the skull and the ;

wl,

charge are changed bty some linesr factor. To find the scaling laws we

assume that the rate of heat loss from the molten charge to the

; suerroundings is given approximately by the usual fermula

wLoss = h A (Tm - 'ra) 7

where h is the heat transfer coefficiant, Am is the surface area of the

e M L dand

- melt, Tm is the temperature of the melt, and T, is the temperature of

the surroundings. Since h, Tm and To are constant for a given materiai,

(49) can be written as

© 2
wLoss a (58)

where a, as above, is the major semi-axis of the spheroidal melt. 1t is

assumed that the shape of the melt remains fixed, so that c/a is constant,

-50-
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‘nder cquilibrium conditions the torail

cnarge equals the rate of heat loss.

Therefore

wLoss

£ e i 4o ach b

power W suppliced to the molten

9

In the case where the skin depth 6 is large compared with a, we find from

(18), (50) and (51) for constant w and o,
l hY
Ho * 372 (69}
a

“his means, for example, that if the geometry is scaled down by a lincar

factor of 2, Ro (the high frequency fie
factor of 2v2 = 3.83. A lirear factor

in .
o

1d) has to “e increased by a

of 4 requires an eightfold increase

n the other hand, in the case of a highly conductive melt, (31) along

witn (50) and (51), shows that

R = cons
o

tant {61)

‘rom (50) and (51) the scaling law for power input is simple

whatever the skin depth may be. Howeve

(62)

r, in the case of largpe ¢, since

the power must be transferred at a higher value of Ho' and therefore

uigher coil curreat, the coll losses are larger in this case and the

efiiciency is therefore lower.
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A.6 RELATION TO PREVIOUS WORK ,
The foregoing theoretical analysis and the following thermal analysis und
power control analysis, together constitute a more detailed study of the 3
process outlined in a recent paper by Aleksandrov et al.(3) The results o
of the study generally support the conclusions of the Russian autho.s and ]
serve to sharpen their criteria for stable operatiorn of the skull melting 3
technique. ]
|
3
i
]
k|
3
i
1
i
i
%
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APPENDIX B

THEORY OF THE THERMAL CHARACTERISTICS OF SXULL MELTING

it has been established zlready that the currents produced in an oblate
spheroid by an induction heater are largely concentrated around an

equatorial ring which is located near the surface. While the current

density as a function of position has been derived rigorously only for
the oblate spheroid, the results for this case give us much insight and
enable us to anticipate what will probably happen in the case of a more
complicated body of revolution whose radius is large compared with its

thickness in the axial direction and which 1is an electrical conductor.

Qualitarively speaking, we may say that the currents in the body will
establish themselves in such a way as to exclude most of the field

impressed by the induction heater coil. The value of B produced by a

ring of current depends mainly on the current, and not so much on the
radius of the ring (in a solenoid, the value of H is independent of the
radius of the coil), whereas the total flux pryduced is the product of
the area of the ring and the average value of B within the ring.
Therefore, in the case of a conductor which is a flattemned convex body
of revolution, one may expect that the induced current will bte largely
concentrated in 2 ring of the largest possible radius which is contained
in the body. It is probably best to leave this kind of qualitative
argument in its present rather vague state, and simple to conclude that
it is of interest to study the shape of the isotherm at the melting
temperature in a vegion filled with a powder of low thermal conductivity,
which contains a ring source and which is fairly closely contained by a
vessel (represented by an isotherm at 300°K) maintained at room temperature.
We will also suppose that near the top of the vessel a rather large amount
of heat is lost in order to simulate the conditions that must obtain when
the crystal is being pulled slowly from the melt through an aperture above.

-53-
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(ne way to approach the problem is to take the shape of the 300K {sotherm
iror the drawing of the tubes containing the coulant and to nolve
rigorously the boundary value problem thus definced. However, the physitcal
parameters involved (for example the thermal conductivity of the powder,
which wiil depend upon its packing and any sintering that may take place)
are very poorly known, so it is not justified to use such rigorous
procedure. Instead we may ewploy a simpler technique snd obtain at least
a preliminary understanding of the effects on the molten zone that will
be produced by variations in the main features of the system. Without
great difficulty some important results can thus be obtained which will
serve as guide posts in the experimental program.

{n doing the simplified problem we are at liberty to place sources and
sinks of various strengths at such locations as we chocse, provided that
tihese locations are outside the region of interest, which we will take

0o bz bound2d by the 300K isotherm. Of course the ring source, which

is used to model the induction heating, must be within the melt. We make
use of external sources and sinks to model the loss of heat from the top

and to control the shape of the 300K isotherm.

It appears that the 300K isotherm must pass close to the ring source in
that melt in order to give the isotherm at the melting point its expected
ilat shape. Also, we want the 300K isotherm to be close to the melt at
the top (to model the loss of heat through the aperture used to extract
the crystal) and otherwise to resemble, at least roughly, the shape of

the cup formed by che tubes containing the coolant.

in Figure B.l we show what we have taken to be rhe "standard" arrangement
for the 300K and 2318K isotherms (the melting point of alumina is 2318K).
“he positions of the sources and 3 sinks are shown and the drawing is to
scaie, as indicated. The arrangement pictured in Figure B.l was obtained
after a number of mathematical experiments; one lesson that was learned
very early is that the 300K sink on the axis has a drastic effect on the

-54~

Fhaial B NSRS v oAt e iy cog

- - % AW YRR M = o o 2 ot S

O T P T T PRI dr TP g 2 T

WA

FER W5

R R AR I AR CA A LY

raiididarnddg

g D)

ALab ARt i ¢ b A2

i ¢hatadd o Wi AR RS




AT N TR S FT YR (I VIR IR I T TR

J R

- oA ke

L R

o ey P ,,‘if?fggml -\5 Y
v ,g ;

shape of the melt, and that the lower surface of the melt needs to be
well insulated. The melt 1s, in effect, acting as a fin, with the heat

traveling towards the center and being lost along the way. The insulation

LT S TR PR MY

along the under side, which serves to keep the heat loss to a minimum,
can be obtained by making sure that the molten zone is in the top part of

the cooled container, so that a thick blanket of powder is left unmelted
beneath the 2318K isotherm.

L T

ket

RV

Saicvadad Jeki Ry Are

We will now {llustrate the sensitivity of the shape of the molten region

to changes in some of the system parameters by means of figures which

g

show the two standard isotherms and two slightly distorted isotherms.

Lo

A3y

The distorted isotherms are obtained by solving the problem with some

ey

e Yo IESA I Ead S O Rt KU

changes in the boundary conditionms.

L

L R ey s

In Figure B.2 we show two pairs of isotherms to demonstrate the sensitivity
of the shape of the melt to a variation in the position of the upper part
of the 300K isotherm from the standard position. The lower part of the
300K isotherm has been held nearly in place. It is clearly seen that the

Yol M e DL Bs S pr s lutd

top surface of the melt moves further than the 300K isotherm, while even

the bottom part suffers a significant displacement. 1t %5 of interest o
note that the changes seen are due mainly to a change of 50 watts in the

strength of the sink on the axis (from 300W to 250W).

SOADALE N s Cieva LA S W el Mr“' o

In Figure B.3 we show two pairs of closely spaced isotherms. The lower

part of the 300K isotherm has been caused to move about 3mm below its

Lo baogbey mog e g Blodo i o an b f by Feab

standard position (on the axis), but the corresponding variation in the

R

position of the 2318K isotherm is only about lmm at the bottom and nearly

T

nothing at the top of the melt. Thus it is seen that the shape of the

L2

molten zone is not very sensitive to variations in the geometry of the

botiom of the cup, provided that the blanket of insulation is present.

R LR AR DO DAL e R D PN L Ik« R
JAE g i o,

We also determined the sensitivity of the shape of the molten zone to a

Ll e

change in the input power {supplied by the induction heater) by raising
the strength of the ring source from 3150W tro 3300W, while the shape of

PRPPRE LT T LT TV L)

ULt LA
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the 300K isotherw was kept essentially the same as the standard. The

result is shown in Figure B.4, which Indlcates that the shape of the melt
is only slightly affected by the change In power input. This is probably
due to the fact that the distance between the side of the molten zone and
the cold conrainer is very small, so a minute change in this dimension is

«11 that 1s needed to cause most of the added power to flow directly into
the container walls near thie plane z = 0.

Under certain circumstances it might be desirable to let the molten mass
cool slowly, of its own accord, without penetrating the laycr of powder
that lies over the melt. 1In such a casz onr might obtain a symaetrical

melt, as shown in Figure B.5.

Sc far, we have discussed only the case of woiren alumina. Another
material of interest is zirconia, whese nelting point is 2938K. In Figure
B.6 we show a set of sources and sinks and the corresponding isotherms at
2988K and 300K. Because of its higher temperature the upper surface of
the pool of molten zirconia may be expected to lose much more heat by
radiation than ig the case with aluminz. To allow for this, the strength
of the point sink has been sat at 800W, and the strengths of the other
sources and sinks adjusted in an sttempt to produce a suitable configura-
tion of the 2983K and 300K isotherms. While the amount of mathematical
experimentation with the model of the higher melting point material bas
been very limired, we expect that it would be necess~ry to separate the
ring source slightly further fros the main ring sink in order to produce
a 2588K isotherm that is similar ia appearacce to the 27318K isotherm of
Figure B.l. ¥rom an operational noint of view, this means that the
frequency of the induction locatcer must be zet so as to oolain a large

gkin depth in tne melt.
we exprct taat the sensitivity of the shape of the zirconia melt to

changes in the c¢«ternal configuration will be gualitatively the :ame as

in the case of the alumina melt alrecaady rdiscusscd.
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APPENDIX C

TEMPERATURE DISTRIBUTION DUE TO A RING SOURCE

In this section we derive the formula for the temperature (in steady state)

at a point in an infinifte medium which contains a source of heat in the

form of a ring. We assume the thermal conductivity of the medium to have

the fixed value K (watts cm"1 deg C-l), so the temperature rust satisfy
Laplace's equation

727 = 0
and furthermore we require that the remperature be zero at infinity.
In accordance with thr.ge assumptions we find the temperature, 4T, at a

field point, P, whcse coordinates are (x,y,z) produced by a point source

of strength dQ watts located at P' with coordinates (x',y‘,z') to be

.
a1 Aeks (1)
where
s = Y(x-x")2 + (y-y')2 + (z-2')2 2)

By adding up the contributions due to many such sources we can, at least

in principle, find the temperature due to any distribution of heat sources.

In Figure C.1 we show a ring source of radius, a, located in the z-plane
and a field point at an arbitrary point.

It is evident from the diagram
that

a cos ©

a sin 6
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Now suppose the scurce to dissipate ' watts cxn_1

enfforwly along fts

cirrumterence. Then

dQ = Q' add (4)

since ad 1is the element of arc. Therefore we find tfrom the above equati

equation
1]
ar = 9 _adf (5)
4mk/(x - a cos 8)2 + (y - a sin 8)% + 2z*
or, by integration of (5) around the loop,
2x
\j
T = =2y df 6)
0 Y(x~-acos 8)2+ (y - a sin 0)2 + 24
On account of the symmetry of the problem we can replace x in (6) by r
and replace y by 0. Thus
2%
. Q'a do
T 47K ! @)

0 V/r2 + a2 4+ 22 ~ 2ar cos ©

The integral in the right-~hand side of (7) is not “elementary", but can

be evaluated simply in terms of the well known complete elliptic integral,
gkm), which 1is defined by the formula

_ n/2
K@) = 7 d¢ (8
0 /1< m sin? ¢
First make the substitution
8 = 2¢+
in (7) to obtain
n/2
- Qa d¢ )
T 27K J 79}

-n/2 Y(a + r)2 + 22 - 4ar sin2 ¢

Next remove the factor (a + r)2 + 22 from the expression whose square
root is indicated and note, since sin? ¢ is even, that the range of

-64—
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integration can be reduced by setting the lower limit to zero if a factor

1 of two is placed in front of the integral. Thus we find

. ®/2

5 T = Qe s d¢ (10)
3 nK/(a + r)2 + 22 0 /1 bar

TTa vz ot

Whence, by the definition of (8), it is clear that

. Q'a - bar

% T = K : ] (11)

1 K@ F D2+ 22 (a+1)2 + 22

% The function E}m) is easily computed by means of the approximations given 3
é by HaStingsSS) Finally we let Q be the total heat dissipated by the ring é
Z SO J
Q' = Q/27a
g and E
3 = 4ar ;
4 T = 9 K [ ] (12) ;
- - 2 2 :
;. 21%K/(a + 1)2 + 22 (a+1)2+2
? i1f the ring is located at a height, h, instead of at the plane, z = 0, ;
; the quantity, z, in (12) must be replaced by the quantity, z = h. Note §
% that E(O) = (2, so a ring source of +vadius, a = 0, produces a temperature E
- field :
3 T = —d 13)
1 4wKvYY2 + 22 E
: This is obviously the field produced by a point source, as it jolly well

- ought to be.

g
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APPENDIX D

CONTROL OF RAD1O FREQUENCY POWER

The typical current feedback control system, shown in Figure D.l, was

used to control the output of the radio frequency generator. The Leeds &

Northrup H-AZAR Recorder was used as a preamplifier, the input summing

3
3
3
2

point, and also to record the errcx signal. The characteristics time

constant (Tl) of the H-AZAR is 0.5 second. The time constants of the RF

cenerator and the associated saturable reactor are approximately this
sane value or a little longer.

e £ ) S A e it s

To adjust the controller to the process the integral (reset) action (kc)
of the Leeds & Northrup Series 8C CAT Controller was made as large as

3
3
E

TR
rans By aeZadO s T

possible in order to obtain accurate steady state control, while the gain

ar

(kb) and the derivative (rate) action (ka) of the controller were adjusted

to obtain stable control with minimum response time.
settings were:

L

The resultant

Reset - 50 repeats/minute, Proportional band = 357, and
Rate = .02 minute.

Figure D.2.

ol gl N gttt s Wbl e

The frequency response of the system is shown in

i &

The open loop response was computed from the measured closed
loop response values.

Ladiia o b

Tne 1/f slope in the low frequency end of the oupen
loop response curve is due to the integral action of the controller.

POTR T

lhe

LS G

65° phase margin, close to the minimum value considered acceptable in

YT ST
o i L g

L

good control practice, shows that the adjustment is close to optimum.
The closed loop response is good to about 0.3 to 0.7 Hertz.

coes not begin to fall oif rapidly until about 1.0 Hertz.

tdd

The respcnse

oA A Lt

3 The neasurements and adjustment of the control system were difficult

becausc of RF noigse pickup. At the operating {requency of about «

F megahertz the inductance of most conductors is not negligible, proper

3 grounding is often impractical and the resultant ground loops lead to

L . i
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excessive pickup. Some effects of RF noise were still noticeable even

after our best efforts to improve the system grounding.

Another factor which interfered with closed loop control of the R¥ power
during startup was the dramatic change in conductivity of zirconla upon
heating. The conductivity rises rapidly with temperature and there 1is a
correspondingly rapid increase in power absorbed by the load. At the
same time there is little change in the RF current because the melt
occupies only a small portion of the volune inside the heating coil and
also because the penetration depth is still large compared to the

dimensions of the melt. The result is a tendency toward thermal runaway.

To solve this problem the Huettinger RF generator was modified te¢ allow
the oscillator plate current to be used as the feedback signal. The
plate current increased almost in direct proportion to the real power
load on the RF generator and is a much better measure of the power into
the melt than RF current. Also, this method of control was not sensitive
to RF noise pickup. When the control system was adjusted for plate
current feedback, the controller settings were: Reset = 100 repeats/
minute, Proportional band = 100Z, and Rate = .02 minute. The overall
response was not measured but seemed to be about the same as with the RF

current feedback.

The last factor in the system dynamics is the thermal transfer function
of the charge. This fun.:cion is difficult to measure but we can ~stimate
the thermal time constant (13) by assuming that the hecat loss is entirely

due to conduction and using the relationship

= 4aT
3 % G 1)

The heat capacity, Ch = 4.18 Ms (Joules/degree) in which M and s are the

mass and specific heat of the charge, respectively. Typical values are

4
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4
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3
4
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M = 700 gn
s = 0.1 cal/gm°K

which result in Ch = 293 Joule/°K,.

The thermal resistance, dT/dW, is approximately

e o ket

et vy U LRI

TR

dT/dW = 3? (degrees/watt)

: in which AT is the temperature rise of the melt and W is the total input
3 nower.

IRT OO 2

T

Evaluating this derivative for AT = 2600°C and W = 13,000 watts, we

obtain dT/dW = .2 degrees per watt per degree and t3 = 60 seconds. Since

this is muck longer than the response time of the closed loop, temperature »

T TR R

7
-

fiuctuations will be considersbly smaller than the power fluctuations of
the system.

i ACA
et S Sy S

LR LUE )

One final consideration is the maximum available power. Power is

determined by the magnetic field znd cherefore by the RF current. The

current is determined by the induciive reactance of the coil and the
output voltage of the RF generator.

PORROOL T L TEOTIE R TP

Since

Jabe

- oL - E_ 2
H = 7 I= oL and L «n

P rrny

(2)

ks Laac ks oty FUaTio it M Ty CoLBERLILER T

Ptk
e

decrcasing the number of turns in the coil, n, increases the current, I,

TR T

as n~ and increases the magnetic field, H, and consequently the output
power.

Ao comdiadl

TN

Our final coil design is for a 4-turn coil, 2" long and 2.15" mcan radius.
The ccil inductance is given by

oy i el

L = pir? 6% x2.152

10 + 9r 10 x2+9 x2.15 - 1.9 microhenries £3)

oot dain IR

i
i
3
g
3
i%
i
¥




;",
-
:
3
3
'
:
i
A
i
&
E

A R N T — = T T = S P D 1. ST

The taector ior loss of inductance due to the cross-sectional area of the

cage, (Area - Areac Y /Area coil, is esivimated co be asboet .8, so

coil age

that the net jSnductance is about 1.5 microhenries. Assuming that the
maximum voltage is 5,000 vnlts and at e frenuency os 3.6 megahertz, we
have

1 = 5020 — = 150 amperes

v x 3.6 x 10% x 1.5 x 1078

aad

B = 4 x 180 = 11,600 amperes/meter.

M % 2.54 % 1072

Substituting this value into (17) from Appendix A,

W= 2 w? st K 2

15 %%
with the other parameters

a = 50 mho/meter
o= 4 x 10-7 henry/meter

s = 19 x 10° radians/second
a = ,03Z2 meter
¢ = .01 meter

we obtain

W = 24 kilowatts

whicn is half the rated capacity of the RF generator.

I practice we measured 20 kilowatts plate power at approximately these
conditions. The power intc the cooling water was about 13 kilowatts.
This was close to the maximuxm power obtainable in a practical sense since
at higher voltages there was a tendency toward arcing across the work

coil.
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